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Sparse extensions

Extend classical results to sparse settings.

For example:

Szemerédi’s theorem

Every subset of the integers with positive density contains

arbitrarily long arithmetic progressions.

Green-Tao theorem

The primes contain arbitrarily long arithmetic progressions.

The primes have zero density, but there is a

pseudorandom set of “almost primes” in which the primes

form a subset with positive relative density.

Transference principle: dense → sparse.

We establish a transference principle for graphs.
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Szemerédi’s regularity lemma

Definition: ε-regular

A pair X ,Y of vertex subsets of a graph G is ε-regular if, for

all U ⊂ X and V ⊂ Y with |U | ≥ ε|X | and |V | ≥ ε|Y |,
|d(U ,V )− d(X ,Y )| < ε.

An equitable vertex partition of G into k parts is ε-regular if

all but at most εk2 pairs of parts are ε-regular.

Szemerédi’s regularity lemma

For each ε > 0 there is K such that every graph has an

ε-regular partition into at most K parts.

Regularity method

1 Apply Szemerédi’s regularity lemma.

2 Apply a counting lemma for embedding small graphs.
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Sparse regularity lemma

Definition: (ε)-regular

A pair X ,Y of vertex subsets of a graph G is (ε)-regular if, for

all U ⊂ X and V ⊂ Y with |U | ≥ ε|X | and |V | ≥ ε|Y |,

|d(U ,V )− d(X ,Y )| < εp,

where p is the edge density of G .

An equitable vertex partition of G into k parts is (ε)-regular if

all but at most εk2 pairs of parts are (ε)-regular.

Sparse regularity lemma (Kohayakawa; Rödl; Scott)

For each ε > 0 there is K such that every graph has an

(ε)-regular partition into at most K parts.
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Sparse counting problem

Main open problem

Prove a counting lemma for sparse graphs.

Previous work: counting triangles [Kohayakawa, Rödl,

Schacht, and Skokan]

Our main advance

A new general counting lemma that complements the sparse

regularity lemma.
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Schacht, and Skokan]

Our main advance

A new general counting lemma that complements the sparse

regularity lemma.



Sparse counting problem

Main open problem

Prove a counting lemma for sparse graphs.

Previous work: counting triangles [Kohayakawa, Rödl,
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Pseudorandom graphs

Definition

We say that a graph Γ is (p, β)-jumbled if for all vertex

subsets X and Y of Γ, we have

|e(X ,Y )− p |X | |Y || ≤ β
√
|X | |Y |.

Examples

G (n, p) is (p, β)-jumbled with β = O(
√
np) w.h.p.

Every (n, d , λ)-graphs is (d
n
, λ)-jumbled.



Pseudorandom graphs

Definition

We say that a graph Γ is (p, β)-jumbled if for all vertex

subsets X and Y of Γ, we have

|e(X ,Y )− p |X | |Y || ≤ β
√
|X | |Y |.

Examples

G (n, p) is (p, β)-jumbled with β = O(
√
np) w.h.p.

Every (n, d , λ)-graphs is (d
n
, λ)-jumbled.



Alon’s triangle-free graph construction

Theorem (Alon)

There are K3-free (n, d , λ)-graphs with λ ≤ c
√
d and d ≈ n2/3.

This graph is (p, β)-jumbled with β ≤ cp2n.

Similar obstructions have been conjectured for other graphs.
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Graph removal lemma

Triangle removal lemma (Ruzsa and Szemerédi)

Every graph on n vertices with at most o(n3) triangles can be

made triangle-free by deleting at most o(n2) edges.

Graph removal lemma (Alon, Duke, Lefmann, Rödl, Yuster)

For every fixed graph H and every ε > 0, there exists δ > 0

such that if G contains at most δnv(H) copies of H then G can

be made H-free by removing at most εn2 edges.
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Sparse graph removal lemma

Theorem (Sparse graph removal)

For every graph H and every ε > 0, there exist δ > 0 and

c > 0 such that if β ≤ cpd2(H)+3 then any (p, β)-jumbled

graph Γ on n vertices has the following property:

Any subgraph of Γ containing at most δpe(H)nv(H) copies of H

may be made H-free by removing at most εpn2 edges.



Removal lemma for groups

Group removal lemma: (Green, Král-Serra-Vena)

For every ε > 0 and integer m ≥ 3 there is δ > 0 such that if

G is a group of order n and A1, . . . ,Am are subsets of G such

that there are at most δnm−1 solutions to the equation

x1x2 · · · xm = 1 with xi ∈ Ai for all i , then it is possible to

remove at most εn elements from each set Ai so as to obtain

sets A′i for which there are no solutions to x1x2 · · · xm = 1 with

xi ∈ A′i for all i .

Sparse extension: If each Ai ⊂ Bi and the Cayley graph of

each Bi is (p, β)-jumbledness with β ≤ cpkmn, where km → 1

as m→∞, we can replace εn by ε|Bi |.
Implies sparse Roth-type theorem in nonabelian groups.
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Triangle counting lemma

Setup

Γ tripartite jumbled graph on

vertex sets X1,X2,X3.

G subgraph of Γ, (ε)-regular

between parts.

X1

X2 X3

Triangle counting lemma

The number of triangles in G is ≈ q12q13q23 |X1| |X2| |X3|.
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Applications

Sparse extensions of

Turán type results, Erdős-Stone-Simonovits theorem

Ramsey’s theorem

Graph removal lemma

Removal lemma for groups

Equivalence of definitions of relative quasirandomness

Induced subgraph results

Improved bounds on induced Ramsey numbers

Algorithmic applications

Multiplicity results

And more to be discovered . . .


